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We investigate the thermal influence of fibers on the dynamics of bipartite and multipartite correlations in fiber
coupled cavity arrays where each cavity is resonantly coupled to a two-level atom. The atom-cavity systems
connected by fibers can be considered as polaritonic qubits. We first derive a master equation to describe the
evolution of the atom-cavity systems. The bipartite (multipartite) correlations is measured by concurrence
and discord (spin squeezing). Then, we solve the master equation numerically and study the thermal effects
on the concurrence, discord, and spin squeezing of qubits. On the one hand, at zero temperature, there are
steady-state bipartite and multipartite correlations. One the other hand, the thermal fluctuations of a fiber
may blockade the generation of entanglement of two qubits connected directly by the fiber while the discord
can be generated and stored for a long time. This thermal-induced blockade effects of bipartite correlations
may be useful for quantum information processing. The bipartite correlations of a longer chain of qubits is
more robust than a shorter one in the presence of thermal fluctuations.
OCIS codes: (270.2500) Fluctuations, relaxations, and noise; (270.5585) Quantum information and
processing.
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1. Introduction
It is well-known that entanglement plays a fundamen-
tal role in quantum information processing and quan-
tum computation [1]. A quantum system is, in gen-
eral, inevitably influenced by its surrounding environ-
ment [2]. The entanglement dynamics of a quantum
system formed by several subsystems have been stud-
ied by many researchers [3–10]. However, quantum en-
tanglement is not the only kind of quantum correlation
useful for quantum information processing [11–16]. It
was shown both theoretically [17–24] and experimen-
tally [25] that some tasks can be sped up over their
classical counterparts using fully separable and highly
mixed states. These results show that separable states
with quantum discord may be useful for quantum infor-
mation processing. Quantum discord [15, 16] is another
kind of quantum correlation different from entanglement
and has been investigated widely [26–29].
In recent years, many efforts have been devoted to
the study of coupled cavity array systems [30–37, 39].
In [30], the authors proposed a scheme to implement
effective quantum gates of two two-level atoms within
two distant cavities which are coupled by a fiber. The
photon-blockade-induced Mott transitions in coupled
cavity arrays was studied [31]. It was shown that the
four qubit W state and cluster state can be generated in
∗ Corresponding author: jszhang1981@zju.edu.cn
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a fiber coupled cavity array system [32]. The fractional
quantum Hall states of photons [33], nonequilibrium dy-
namics [34], polariton soliton [35], photon solid phases
[36], and the first-order phase transition [37] of coupled
cavity arrays were investigated. The authors of [38] have
studied a quantum system formed by two separate cav-
ities coupled by a fiber or additional cavity and shown
that classical driving of the intermediate fiber or cavity
can be used to create the entanglement between the two
ends in the steady state under dissipation. This is use-
ful for the production of entanglement under realistic
laboratory conditions. In [39], the authors have stud-
ied the entanglement dynamics of coupled cavity arrays
and shown that the steady state entanglement can be
achieved in the absence of thermal fluctuations.
In the present paper, we investigate the effects of ther-
mal fluctuations of fibers on the dynamics of bipartite
and multipartite correlations in fiber coupled cavity ar-
ray systems. Each cavity contains a two-level atom. The
atom-cavity systems connected by fibers can be regarded
as polaritonic qubits due to the blockade effect [30–32].
The bipartite correlations is measured by concurrence
[40] and discord [15, 16]. The multipartite correlations
of the system is calculated by employing the spin squeez-
ing [41, 42]. In order to describe thermal effects of the
fibers on the evolution of the atom-cavity systems (po-
laritonic qubits), we derive a master equation under the
Markovian approximation. Then, we solve the master
equation numerically and study the thermal effects on
the concurrence, discord, and spin squeezing of qubits.
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Fig. 1. The schematic picture of fiber coupled cavity arrays.
This model consists of N coupled atom-cavity system which
are connected by N-1 fibers. Each atom-cavity system can
be treated as a polaritonic qubit due to the blockade effect.
Our results show that both the bipartite and multipar-
tite correlations can be generated and stored for a long
time at zero temperature. One the other hand, the ther-
mal fluctuations of a fiber could blockade the genera-
tion of entanglement of two qubits which are connected
directly by the fiber. In contrast, the discord can be
larger than zero. There is entanglement sudden death
(ESD) phenomenon while the discord vanishes only in
the asymptotic limit, i.e., there is no sudden death of
discord. We also find that the bipartite correlations of a
longer chain of qubits is more robust than a shorter one
if the thermal fluctuations of fibers is taken into consid-
ered.
The organization of this paper is as follows. In section
2, we introduce the model and derive a master equation
to describe the fiber coupled cavity array system. In
section 3, we briefly review several measures of bipartite
and multipartite correlations including concurrence, dis-
cord and spin squeezing. In section 4, we solve the mas-
ter equation numerically and discuss the thermal effects
of fibers on the dynamics of bipartite and multipartite
correlations. In section 5, some conclusive remarks are
given.
2. The model and master equation
We consider a system formed by N cavities connected by
N−1 fibers. Each cavity is resonantly coupled to a two-
level atom with frequency ω0. The schematic picture is
shown in Fig.1. The Hamiltonian for the present system
is [31, 32]
H = H0 +Hat−cav +Hcav−fib, (1)
H0 =
∑
j
[
ω′j
2
(|e〉j〈e| − |g〉j〈g|) (2)
+ω′′j a
†
jaj] +
∑
j,α
νjαb
†
jαbjα,
Hat−cav =
N∑
j
g(a†j |g〉j〈e|+ h.c), (3)
Hcav−fib =
∑
j,α
ξjα(a
†
jbjα + a
†
j+1bjα + h.c), (4)
with h.c denoting the Hermitian conjugate. We assume
the cavity is a quantized single-mode field; a† and a
are the creation and annihilation operators of the cavity
field. The subscripts j and α stand for site j and mode
α of fiber j; b†jα and νjα are the creation operator and
frequency of mode α in fiber j; g is the coupling strength
between a cavity and the two-level atom within it; ξjα is
the coupling constant of cavity j and mode α of fiber j;
|e〉j and |g〉j are the excited and ground states of two-
level atoms. In the following, we assume the cavity and
two-level atom is coupled resonantly, and the frequencies
of all cavities as well as atoms of different sites are equal,
i.e., ω′j = ω
′′
j = ω0.
The polaritonic states |n,±〉j are defined as
|n,±〉j = 1√
2
(|n, g〉j ± |n− 1, e〉j), (5)
with |n〉j denoting the Fock state of the j-th cavity. It
is worth noting that once a site of polariton is excited
to |1,−〉 it is impossible to excite further due to the
blockade effect [31, 32, 39]. Consequently, we can treat
each polariton as an effective two-level atom with ex-
cited state |E〉j = 1√2 (|1, g〉j − |0, e〉j) and ground state
|G〉j = |g, 0〉j. Therefore, the effective Hamiltonian of
the present system is [31, 32, 39]
Heff = Heff0 +H
eff
I , (6)
Heff0 =
ω
2
∑
j
σzj +
∑
j,α
νjαb
†
jαbjα,
HeffI =
∑
j,α
(gj−1ασ−j b
†
j−1α + gjασ
−
j b
†
jα + h.c), (7)
with σ+j = |E〉j〈G|, σ−j = (σ+j )† = |G〉j〈E|, σzj =
|E〉j〈E| − |G〉j〈G|, gjα = ξjα/
√
2 and ω = ω0 − g.
Tracing out the degrees of freedoms of fibers, we have
the following master equation of qubits in the interaction
picture (for more details, see Appendix A)
3dρs
dt
= L[ρs] =
∑
j
γjnj [2(σ
+
j + σ
+
j+1)ρs(σ
−
j + σ
−
j+1)− (σ−j + σ−j+1)(σ+j + σ+j+1)ρs − ρs(σ−j + σ−j+1)(σ+j + σ+j+1)]
+
∑
j
γj(nj + 1)[2(σ
−
j + σ
−
j+1)ρs(σ
+
j + σ
+
j+1)− (σ+j + σ+j+1)(σ−j + σ−j+1)ρs − ρs(σ+j + σ+j+1)(σ−j + σ−j+1)],(8)
where L is a superoperator. We note that in the case of
nj = 0 for all sites, the above master equation reduces
to the master equation of [39]. The authors of [39] have
studied the steady state entanglement in the absence of
thermal fluctuations. In this work, we will investigated
the thermal effects on bipartite and multipartite corre-
lations carefully by solving the above master equation
Eq.(8) numerically. For the sake of simplicity, we as-
sume γj = 1 for all sites throughout this paper.
3. Measures of bipartite and multipartite correla-
tions
Here, we briefly review some measures of bipartite and
multipartite correlations including concurrence, discord,
and spin squeezing.
3.A. Concurrence and discord
The entanglement of a 2 × 2 quantum system which is
described by density matrix ρ can be measured by con-
currence which is defined as [40]
C = max {0, λ1 − λ2 − λ3 − λ4}, (9)
where the λi (i = 1, 2, 3, 4) are the square roots of
the eigenvalues in decreasing order of the magnitude of
the “spin-flipped” density matrix operator R = ρ(σy ⊗
σy)ρ
∗(σy ⊗ σy) and σy is the Pauli Y matrix.
Quantum discord [14–16] is another kind of quantum
correlation which is different from entanglement. For a
bipartite system ρAB, the quantum mutual information
is defined as
I(ρAB) = S(ρA) + S(ρB)− S(ρAB). (10)
Here S(ρ) = −Tr(ρ log2 ρ) = −
∑
i(λi log2 λi) is the von
Neumann entropy of density matrix ρ with λi being the
eigenvalues of density matrix ρ; ρA(ρB) is the reduced
density matrix of ρAB by tracing out subsystem B(A).
To quantify quantum discord, the authors of [15] pro-
posed to employ the von Neumann type measurements
consisting of one-dimensional projector {Bi} which acts
on system B only with
∑
i Bi = 1. The conditional den-
sity matrix of the total system after the von Neumann
type measurements is [15]
ρABBi =
1
pi
(I ⊗ Bi)ρAB(I ⊗ Bi),
pi = Tr((I ⊗ Bi)ρAB(I ⊗ Bi)), (11)
where pi is the probability of the corresponding measure-
ment. The quantum conditional entropy with respect to
this kind of measurement is defined as
S(ρAB|{Bi}) =
∑
i
piS(ρ
AB
Bi ). (12)
The corresponding quantum mutual information with
respect to the measurement is defined by
I(ρAB|{Bi}) = S(ρA)− S(ρAB|{Bi}). (13)
Here I(ρAB |{Bi}) is the information obtained about sys-
tem A after one performs measurement Bi on subsystem
B. The classical correlation is defined as [15, 16]
J (ρAB) = sup
{Bi}
I(ρAB |{Bi})
= S(ρA)−min
{Bi}
[S(ρAB|{Bi})]. (14)
The quantum discord is obtained by subtracting J from
the quantum mutual information I
D(ρAB) = I(ρAB)− J (ρAB). (15)
3.B. Spin squeezing
In order to study multipartite quantum correlations, we
adopt the measure spin squeezing which was introduced
by Kitagawa and Ueda [41]. For a more recent review
of spin squeezing, see Ref.[42]. The main advantage of
spin squeezing as a measure of multipartite correlations
is that it is relatively easy to generate and measure spin
squeezing experimentally since spin-squeezing parame-
ters only involve the first and second moments of the col-
lective angular momentum operators. The spin squeez-
ing is defined by [41]
ξ2s =
4(∆J⊥)2min
N
, (16)
where N is the number of particles and the minimization
in the above equation is taken over all directions denoted
by⊥, which are perpendicular to the mean spin direction
〈−→J 〉/|〈−→J 〉|. After some algebra, the spin squeezing can
be derived as [42]
ξ2s =
2
N
[〈(−→J 2−→n1 +
−→
J 2−→n1)〉
−
√
〈(−→J 2−→n1 −
−→
J 2−→n1)〉+ 4cov(
−→
J −→n1 ,
−→
J −→n2)],
−→n1 = (− sinφ, cosφ, 0),
−→n2 = (cos θ cosφ, cos θ sinφ,− sin θ),
θ = arccos
〈Jz〉
|−→J |
,
cov(x, y) =
1
2
(〈xy〉+ 〈yx〉) − 〈x〉〈y〉, (17)
with
φ =


arccos 〈Jx〉|−→J | sin θ , 〈Jy〉 > 0,
2pi − arccos 〈Jx〉|−→J | sin θ , 〈Jy〉 ≤ 0.
(18)
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Fig. 2. The concurrence and discord of two qubits are plotted
as functions of time t for n1 = 0.2 and n1 = 1 with n2 = 0,
N = 3, and the initial state is |ψ(0)〉 = |GGG〉.
In the case of ξ2s < 1, there is multipartite quantum
correlations. Spin squeezing is naturally connected with
quantum correlations such as entanglement [42]. It has a
very close relation with concurrence and is significant for
entanglement detection. But, spin squeezing and pair-
wise entanglement are different. In fact, a spin squeezed
state with ξ2s < 1 is pairwise entangled, while a pairwise
entangled state may not be spin-squeezed according to
the squeezing parameter (see page 116 of [42]).
4. Thermal effects on dynamics of correlations
In this section, we solve the master equation numeri-
cally and calculate bipartite and multipartite correla-
tions of the fiber coupled cavity arrays using concur-
rence, discord, and spin squeezing. At zero temperature,
if all the qubits are initially prepared in ground states
|ΨG〉 = |GG · · ·G〉 = |G〉1|G〉2 · · · |G〉N , then the system
will not evolve due to the fact that L[|ΨG〉〈ΨG|] = 0
(see Eq.(8)). Therefore, no bipartite and multipartite
correlations will be generated if all the qubits are ini-
tially prepared in ground states when the fibers are at
zero temperature.
4.A. Bipartite correlations
4.A.1. Ground states
Now, we consider the influence of thermal fluctuations
on bipartite correlations for different initial states. If we
increase the temperature of fibers, then there is bipar-
tite correlations when the qubits are initially prepared
in ground states |ΨG〉 as one can see from Fig.2. We
assume N = 3, n1 > 0, and n2 = 0 in Fig.2. The
concurrence of qubits 2 and 3 denoted by C23(t) first
increases with time and then reaches a maximal value.
Comparing Fig.2(a) and Fig.2(c), one can find the max-
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Fig. 3. The concurrence and discord of two qubits are plotted
as functions of time t for n1 = 0 and n1 = 0.2 with n2 = 0,
N = 3, and the initial state is |ψ(0)〉 = |EEE〉.
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Fig. 4. The spin squeezing of the sytem are plotted as func-
tions of time t for different initial states with N = 3 and
n1 = n2 = n.
imal value of C23 will be enhanced by increasing the
temperature of fibers. As the system evolves, qubits 2
and 3 become separable eventually, i.e., there is ESD
phenomenon [3, 4]. This implies that the thermal fluc-
tuations of environments may play a constructive role
in the present model. However, we should note that the
entanglement of qubits will be destroyed when the tem-
perature is high enough. In the case of n1 = n2 = 0.2
there is no entanglement of qubits. However, there is
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Fig. 5. The concurrence and discord of two qubits are plotted
as functions of time t for n2 = 0.2 and n2 = 1 with n1 = n3 =
n4 = 0, N = 5, and the initial state is |ψ(0)〉 = |GGGGG〉.
steady sate discord of qubits as one can clearly see from
Fig.2(b) and Fig.2(d). It is worth noting that the con-
currence of qubits 1 and 2 (C12) as well as 1 and 3 (C13)
are always zero. This indicates that the thermal fluctu-
ations of fiber 1 which connects qubits 1 and 2 as well
as qubits 1 and 3 will prevent the generation of entan-
glement between these qubits.
4.A.2. Excited states
In Fig.3, we plot concurrence and discord of two qubits
for n1 = 0 ((a) and (b)) and n1 = 0.2 ((c) and (d)) with
N = 3, n2 = 0, and |ψ(0)〉 = |EEE〉. From Fig.3(a),
we find the entanglement of two qubits does not increase
smoothly, i.e., it suddenly becomes larger than zero as
the system evolves. This phenomenon is called entan-
glement sudden birth (ESB) [44]. Compared to qubits 1
and 2 (or qubits 2 and 3), it takes a longer time for qubits
1 and 3 to become entangled. In the case of n1 = 0, the
steady state entanglement or discord of qubits are the
same. If we increase the temperature of fiber 1, there
is ESD of qubits 2 and 3. Note that qubits 1 and 2 (or
qubits 1 and 3) are always separable, i.e., the thermal
fluctuations of fiber 1 will blockade the generation of en-
tanglement of qubits 1 and 2 as well as qubits 1 and 3
which are connected by fiber 1. In the case of n1 = 0.2,
there is steady state discord. Different from the case of
n1 = 0, the values of steady state discord are different
for different qubits.
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Fig. 6. The concurrence and discord of two qubits are plotted
as functions of time t for n2 = 0.2 and n2 = 1 with n1 = n3 =
n4 = 0, N = 5, and the initial state is |ψ(0)〉 = |EEEEE〉.
4.B. Multipartite correlations
The multipartite correlations is measured by spin
squeezing ξ2s introduced by Kitagawa and Ueda [41]. In
Fig.4, we plot spin squeezing of qubits as functions of
time for different initial states and several average num-
ber of photons of fibers n with N = 3. If all the fibers
are in zero temperature, then the spin squeezing ξ2s can
always be smaller than 1 which implies there is multi-
partite correlations of qubits in the absence of thermal
fluctuations. When the initial state is |GGG〉, the spin
squeezing of the system is larger or equal to 1. The dy-
namics of spin squeezing for different initial states are
different. For instance, if the initial state is |EEE〉, the
spin squeezing first increases with time (lager than 1)
and then reaches the maximal value. Finally, it will be
a constant. However, if the system is initially prepared
in state |EEG〉, the spin squeezing first decreases with
time and then reaches the minimal value. Most of time,
the spin squeezing is smaller than 1 which indicates that
there is multipartite correlations if the initial state is
|EEG〉 as one can see from Fig.5(b).
4.C. Influence of the number of qubits
We now turn to discuss the influence of the number of
qubits on the dynamics of quantum correlations. As we
have noted previously, for a system formed by 3 qubits,
the entanglement of two qubits which are not connected
directly by fibers can only exist for a short time, i.e., the
entanglement of two qubits will be completely destroyed
by the thermal fluctuations of fibers eventually. How-
6ever, there is steady state entanglement for a system of
5 qubits as one can see from Figs.5 and 6. In Fig.5, the
initial state is |GGGGG〉 and n1 = n3 = n4 = 0. The
temperature of fiber 2 is larger than zero. Comparing
the red lines of Fig.5, we see that the influence of ther-
mal fluctuations of fiber on the dynamics of concurrence
and discord is very different. In Fig.5(a) and Fig.5(c),
the steady state concurrence C23 is the minimal of all
concurrence. However, the steady state discord D23 is
the maximal one. Therefore, systems with more entan-
glement may have less discord.
5. Conclusions
In the present paper, we have investigated the influence
of thermal fluctuations of fibers on the bipartite and
multipartite correlations of fiber coupled cavity array
systems. Each cavity is resonantly coupled to a two-level
atom. The atom-cavity systems which are connected by
fibers can be considered as polaritonic qubits due to the
blockade effect. First, we derived a master equation to
describe the dynamics of the model by using the stan-
dard techniques of quantum theory. In the absence of
thermal fluctuations of fibers, this master equation re-
duces to the previous results [39]. The master equation
was solved numerically and thermal effects of fibers on
the concurrence, discord, and spin squeezing of qubits
was discussed. At zero temperature, the entanglement,
discord, and spin squeezing can be preserved for a long
time. The thermal fluctuations of fibers destroys the
steady state correlations. Eventually, two qubits be-
comes completely separable while the discord of them
vanishes only asymptotically. In particular, the thermal
fluctuations of a fiber may blockade the generation of en-
tanglement of two qubits connected directly by the fiber.
Evidently, the discord behaves very differently from the
entanglement since the discord can be generated and
stored for a long time. This thermal-induced blockade
effects of bipartite correlations allows us to prevent the
generation of one kind of quantum correlations (entan-
glement) while permitting the generation of others such
as discord. We also discuss the influence of the number
of sites on the dynamics of quantum correlations and
found that the bipartite correlations of a longer chain
of qubits is more robust than a shorter one in the pres-
ence of thermal fluctuations. In addition, we found that
systems with more entanglement may have less discord.
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Appendix A: Derivation of master equation
Here, we derive the master equation of Eq.(8). The re-
duced density matrix of the system in the interaction
picture obeys the following master equation(we have set
~ = 1) [43]
dρs(t)
dt
= −iT rB[V (t), ρs(0)⊗ ρB]− TrB
∫ ∞
0
dt′[V (t), [V (t′), ρs(t′)⊗ ρB]]. (A1)
Note that ρB is the density matrix of the bath. In the present model, we treat the fibers as the thermal bath. The
interaction Hamiltonian in the interaction picture is
V (t) = eiH
eff
0
tHeffI e
−iHeff
0
t =
∑
j,α
(e−i∆j−1αtgj−1ασ−j b
†
j−1α + e
−i∆jαtgjασ−j b
†
jα + h.c), (A2)
with ∆jα = ω − νjα. Using the relations [43, 44]
〈b†jαbj′α′〉 = njδjj′δαα′ , (A3)
〈bjαb†j′α′〉 = (nj + 1)δjj′δαα′ , (A4)∑
α
|gjα|2e±i∆jαt =
∑
α
|gjα|2e±i(ω−νjα)t = γjδ(t), (A5)
we obtain the following relations after some algebra
7TrB
∫ ∞
0
dt′V (t)V (t′)ρs(t′)⊗ ρB =
∑
j
γj [nj(σ
−
j + σ
−
j+1)(σ
+
j + σ
+
j+1) + (nj + 1)(σ
+
j + σ
+
j+1)(σ
−
j + σ
−
j+1)]ρs, (A6)
TrB
∫ ∞
0
dt′V (t)ρs(t′)⊗ ρBV (t′) =
∑
j
γj [(nj + 1)(σ
−
j + σ
−
j+1)ρs(σ
+
j + σ
+
j+1) + nj(σ
+
j + σ
+
j+1)ρs(σ
−
j + σ
−
j+1)],(A7)
TrB
∫ ∞
0
dt′V (t′)ρs(t′)⊗ ρBV (t) =
∑
j
γj [(nj + 1)(σ
−
j + σ
−
j+1)ρs(σ
+
j + σ
+
j+1) + nj(σ
+
j + σ
+
j+1)ρs(σ
−
j + σ
−
j+1)],(A8)
TrB
∫ ∞
0
dt′ρs(t′)⊗ ρBV (t′)V (t) =
∑
j
γjρs[nj(σ
−
j + σ
−
j+1)(σ
+
j + σ
+
j+1) + (nj + 1)(σ
+
j + σ
+
j+1)(σ
−
j + σ
−
j+1)]. (A9)
In Eq.(A1), the first term −iT rB[V (t), ρs(0)⊗ρB] is zero
due to the properties of thermal bath 〈bk〉 = 〈b†k〉 = 0.
Combing the above equations and Eq.(A1), we can get
the master equation of Eq.(8).
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